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ABSTRACT 
We apply a result of Tremon to show that any two Banach-space projections of 
the same finite rank can be connected by a projection-valued polynomial path of 
degree not exceeding 3. Then we construct two similar infinite projections P and Q 
on a Hilbert space such that 1 is an eigenvalue of P’+ Q’ for all projections P’ and Q’ 
with IIP - P’ll < 1 and IIQ - Q’II < 1; this disproves a conjecture studied in [l]. 
Let P and Q be bounded projections of the same finite rank on a Banach 
space X. Let M be a complement to ker P n ker Q, and let W denote the 
linear span of im P and imQ. Then Y = M + W is a finite-dimensional 
subspace invariant under both P and Q, and there exists a complement 2 to 
Y contained in ker P f~ ker Q. By [7, Theorem 21 there are operators A,, A,, 
A, and A, in Y such that all the values of the polynomial 
y(X) = A, + A,h + A,X2 + A,X3 (1) 
*Research (partially) supported by Hungarian National Foundation for Scientific Research, 
Grant 1812. 
LINEAR ALGEBRA AND ITS APPLZCATZONS 126:91-94 (1989) 
0 Elsevier Science Publishing Co., Inc., 1989 
91 
655 Avenue of the Americas, New York, NY 10010 0024-3795/89/$3.50 
92 ENDRE MAKAI, JR. AND JAROSLAV ZEMkNEK 
are projections in Y, and y(O) = PI, and y( 1) = QI y. Extending the operator 
coefficients in (1) by zero on 2, we obtain a polynomial projection-valued 
path connecting P with Q in X. Thus we get the following result. 
THEOREM 1. Given bounded projections P and Q of the same finite rank 
on a Banach space, there exists a projection-valued polynomial of degree at 
most 3 connecting P with Q. 
Projection-valued polynomial connections exist between any two projec- 
tions belonging to the same connected component of the set of projections in 
any Banach algebra [3]; earlier, broken-line and analytic connections were 
constructed in [5] and [B], respectively. The degree of the polynomial 
constructed in [3] depends on the “distance” between the two projections. It 
is therefore interesting to see that in Theorem 1 the minimum degree of 
connecting polynomials is bounded by a universal constant. It is not known 
whether this result can be extended to all Banach algebras. As indicated in 
MR 86g:46074, a review of [7] written by the second-named author, an 
affirmative answer would follow from a spectral conjecture, arising in [l] and 
confirmed in some special cases [l, 21, and remark in [7, p. 1161. Our next 
result disproves, however, the spectral conjecture in the general form and 
consequently shows that this way is to be rejected. 
THEOREM 2. There are two similar projections P and Q on a separable 
Hilbert space such that 1 is an eigenvalue of A + B for all operators A and B 
with ((P - A(( < 1 and 110 - B(( < 1. 
The proof is based on the following lemma. 
LEMMA. Let H, be a separable Hilbert space with the standard or- 
thonormal basis {e,, e,, e2,. . . }, of infinite dimension. Let S be the operator 
on H, defined by Se,=O, and Sei=ei_l fm i=1,2,.... Let T be the 
operator defined on the orthogonal sum H = H,@ H, by 
T(x, y) = (Sy, Sx) E H. 
Let V be any operator on H with IIT - V/J < 1. Then there exists a nonzero 
vector u in H such that Vu = 0. 
Proof. It is easily verified that T*(x, y) = (S*y, S*x), which yields TT* 
= I; hence T*T is a self-adjoint projection on H. The latter can be used to 
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show that the reduced minimum modulus 
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y(T) = inf{ ]]Tz]]:dist(z,kerT) = l} 
is equal to 1. Also, T is surjective on H, and ker T is spanned by the two 
vectors (0, e,),(e,,O). By [4, Theorem 11 every operator V with IIT - VII < 
y(T) = 1 is surjective, and since the index is constant on this ball, we have 
dim ker V = 2 for any such V. n 
Proof of Theorem 2. Let H be the HiIbert space from 
lemma. The operators 
P(x, Y> = (x,2Sx) and Q(x, Y) = (2s~~ Y> 
the preceding 
are projections on H (clearly P2 = P and Q2 = Q), with infinite-dimensional 
kernels and ranges; hence they are similar because H is separable (the 
operator accomplishing the similarity is any isomorphism of im Q onto im P, 
and of kerQ onto kerP). 
Let A and B be operators on H such that IIP - AIJ < 1 and ]]Q - B]] < 1. 
We note that 
hence 
(Z-P-Q)(x,y)= -2(SySx); 
Z-P-Q= -2T, 
where T is the operator from the lemma. Now 
(Z-A-B)+2T=(Z-A-B)-(I-P-Q)=(P-A)+(Q-B), 
which has norm less than 2. Consequently, 
II 
A+B-Z 
T- 
II 
< 1. 
2 
By the lemma, the operator (A + B - Z)/2 has a nonzero kernel; hence 
A + B - Z also. This means that 1 is an eigenvahre of A + B. n 
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REMARKS. 
(a) Since the mapping C ++ CQC-‘, with a fixed Q, is continuous on the 
group of invertible operators, and this group is connected for a Hilbert space 
[6, p. 2801, it is clear that the similar projections P and Q in Theorem 2 
belong to the same connected component of projections in the algebra B(H) 
of all operators (note that CQC- ’ are projections if Q was). Thus Theorem 2 
provides a counterexample to the spectral conjecture studied in [l]. 
(b) It is important that the open balls around P and Q have radius 1 in 
Theorem 2, because this shows that an argument like [7, p. 1161 cannot be 
used in extending Theorem 1 to general Banach algebras, or even to infinite 
projections on Banach spaces. 
(c) At the same time, Theorem 2 indicates possible candidates for a 
counterexample. We note that the difference P - Q is not invertible in our 
example [nonzero vectors in ker( P - Q) can easily be produced], so that 
[7, Theorem l] does not apply here. 
(d) Theorem 2 also shows that the identity theorem [2, Theorem 31 does 
not generally hold even for rather special analytic multivalued functions if not 
all the values are countable (e.g. for the function K(A) constructed from the 
analytic connection between P and Q as in [2, p. 3151). 
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